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Lundow and Rosengren observed that the magnetization distributions of Ising model are
remarkably well-ﬁtted by the p,q-binomial distributions based on an assumption that the
p,q-binomial distribution is unimodal or bimodal. In the present paper we show that this
assumption holds for all positive numbers p and q.
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1. Introduction
Very recently, Lundow and Rosengren [9] employed the p,q-binomial coeﬃcients to describe the magnetization distri-
butions of the Ising model. It is shown, among other things, that the Ising distributions are remarkably well-ﬁtted by the
p,q-binomial coeﬃcients in the cases of complete graph, 1-dimensional and 5-dimensional lattices. Their argument relies
heavily on the assumption that the p,q-binomial distribution is unimodal or bimodal. In the present paper we show that
this assumption holds for all positive numbers p and q.
We begin by recalling some necessary terminology and notation. Let {ak}nk=0 be a sequence of nonnegative numbers. It is
called symmetric if ak = an−k for all k. It is called unimodal if there exists an index m such that a0,a1, . . . ,am is nondecreasing
and am,am+1, . . . ,an is nonincreasing. Unimodal sequences occur naturally in mathematics, computer science, probability
and statistics [4,13]. A more general concept is the bimodality. We say that a sequence {ak}nk=0 is bimodal if there exists an
index m such that two subsequences a0,a1, . . . ,am and am,am+1, . . . ,an are unimodal respectively. In statistics, a bimodal
distribution most commonly arises as a mixture of two different unimodal distributions [6,12].
The most well-known unimodal sequence consists of the binomial coeﬃcient
(n
k
)
, which is symmetric and attains its
maximum at k =  n2 . Since the magnetization distribution of the Ising model is binomial at inﬁnite temperature, it is pos-
sible to describe this distribution at all temperatures with a generalization of the binomial distribution. A natural extension
of the binomial coeﬃcient is the q-binomial coeﬃcient
(
n
k
)
q
=
k∏
i=1
1− qn−i+1
1− qi , 0 k n,
✩ This work was supported in part by the National Natural Science Foundation of China (Nos. 10771027, 11071030) and the Specialized Research Fund
for the Doctoral Program of Higher Education of China (No. 20110041110039).
* Corresponding author.
E-mail addresses: suxuntuan@yahoo.com.cn (X.-T. Su), wangyi@dlut.edu.cn (Y. Wang).0022-247X/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2012.02.049
654 X.-T. Su, Y. Wang / J. Math. Anal. Appl. 391 (2012) 653–656which is unimodal and symmetric about k = n/2 when q > 0 (actually has some stronger properties, see, e.g., [8,11]), and
reduces to the usual binomial coeﬃcient when q = 1. A further generalization of the binomial coeﬃcient is the p,q-binomial
coeﬃcient
(
n
k
)
p,q
=
k∏
i=1
pn−i+1 − qn−i+1
pi − qi , 0 k n. (1)
Clearly, the p,q-binomial coeﬃcient reduces to the q-binomial coeﬃcient when p = 1. See [5] for a theory of p,q-binomial
coeﬃcients.
Lundow and Rosengren conjectured that for p,q > 0, the sequence of the p,q-binomial coeﬃcients is either unimodal or
bimodal [9, p. 3318]. Under the assumption that the conjecture is true, they found that the magnetization distributions of
Ising model are remarkably well-ﬁtted by the p,q-binomial distributions. In the present paper we show that the conjecture
of Lundow and Rosengren is true. More precisely, we have the following result.
Theorem 1. For p,q > 0, the sequence {(nk)p,q}nk=0 is either unimodal, with the maximum at k =  n2 , or bimodal, with the maxima
at k and n − k for some 0 k n2 .
We present the proof of the theorem in the next section and then give several remarks in Section 3, including two open
problems about p,q-binomial coeﬃcients.
2. The proof of Theorem 1
To prove Theorem 1, we need two lemmas. The ﬁrst one consists of three basic identities about p,q-binomial coeﬃcients,
which can be veriﬁed directly by the deﬁnition [5,9].
Lemma 1. Let p and q be two positive numbers. Then
(i)
(n
k
)
p,q =
(n
k
)
q,p .
(ii)
(n
k
)
p,q =
( n
n−k
)
p,q
.
(iii)
(n
k
)
p,q = pk(n−k)
(n
k
)
q/p .
The second lemma will play a key role in the proof of Theorem 1.
Lemma 2. Let r > 0 and 0< p < q < 1. Then the function
f (x) = px − qx + qr−x − pr−x
has at most one real zero on the open interval (0, r2 ).
Proof. Let g(t) = f (t + r2 ). Then
g(t) = pt+ r2 − qt+ r2 + q r2−t − p r2−t = p r2 (pt − p−t)− q r2 (qt − q−t).
Thus we have to show that g(t) has at most one real zero on (− r2 ,0). Note that g(t) is an odd function. Hence it suﬃces
to show that g(t) has at most one real zero on (0, r2 ). We next prove a stronger result that g(t) has at most one real zero
on (0,+∞). We do this by showing that the equation
(
p
q
) r
2
= q
t − q−t
pt − p−t (2)
has at most one real root on (0,+∞).
Denote the right-hand side of Eq. (2) by H(t):
H(t) = q
t − q−t
pt − p−t .
Then
H ′(t) = (p
t − p−t)(qt + q−t) lnq − (pt + p−t)(qt − q−t) ln p
(pt − p−t)2 .
Let h(t) denote the function in the numerator. Then
h′(t) = (pt − p−t)(qt − q−t)[(lnq)2 − (ln p)2].
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(lnq)2 − (ln p)2 = ln(pq) ln
(
q
p
)
< 0.
Hence h′(t) < 0 for t > 0. Thus h(t) is monotonically decreasing on (0,+∞). It follows that h(t) < 0 for t > 0 since h(t) is
continuous on [0,+∞) and h(0) = 0. So H ′(t) < 0 on (0,+∞), and H(t) is therefore monotonically decreasing on (0,+∞).
Thus Eq. (2) has at most one real root on (0,+∞), as desired. 
We are now in a position to prove Theorem 1.
Proof of Theorem 1. We may assume, without loss of generality, that p  q by Lemma 1(i). Consider ﬁrst the case p  1.
Clearly, the sequence pk(n−k) is unimodal and symmetric with center of symmetry n/2, as well as the sequence
(n
k
)
q/p . So
their Hadamard product
(n
k
)
p,q = pk(n−k)
(n
k
)
q/p has the same property, and the theorem holds for p  1. By Lemma 1(i),
it remains to consider the case 0 < p < q < 1. To prove the theorem, we need to show that the sequence {(nk)p,q}n/2k=0 is
unimodal. By (1), we have(
n
k
)
p,q
−
(
n
k − 1
)
p,q
= p
k − qk + qn+1−k − pn+1−k
qn+1−k − pn+1−k
(
n
k
)
p,q
.
Clearly, the denominator qn+1−k − pn+1−k > 0. By Lemma 2, the numerator
pk − qk + qn+1−k − pn+1−k
changes sign at most once for k = 1,2, . . . , n/2, so does (nk)p,q −
( n
k−1
)
p,q
. Thus the sequence {(nk)p,q}n/2k=0 is unimodal.
From Lemma 1(ii) it follows that the sequence {(nk)p,q}nk=0 is bimodal, with the maxima at k and n − k for some 0 k  n2 .
This completes the proof of the theorem. 
3. Remarks
A concept closely related to the unimodality is the log-concavity. We say that a sequence {ak}nk=0 of positive numbers is
log-concave if ak−1ak+1  a2k for 0< k < n. The sequences of binomial coeﬃcients and q-binomial coeﬃcients are log-concave
respectively [11]. It is clear that log-concavity implies unimodality [4]. A log-concave sequence is much better behaved
[15]. For example, the Hadamard product of two log-concave sequences is still log-concave. From this and Lemma 1(iii) it
follows that the sequence of p,q-binomial coeﬃcients is log-concave when p  1 (or q 1 by symmetry) [9]. However, this
sequence is not log-concave in general when 0< p,q < 1. For example, when p = 0.1 and q = 0.4, we have by Mathematica(
3
2
)2
p,q
−
(
3
1
)
p,q
(
3
3
)
p,q
= −0.1659< 0.
In this case the sequence of p,q-binomial coeﬃcients is not log-concave.
It is known that at inﬁnite temperature the magnetization distribution is binomial with unique peak at the middle
k = n/2, and at zero temperature this distribution is bimodal with two peaks, one at k = 0 and one at k = n. Lowering
the temperature the distribution changes from one peak to two peaks. This raises naturally two problems about the p,q-
binomial distribution: (i) When are the p,q-binomial coeﬃcients unimodal (or bimodal)? (ii) Determine the location of the
two peaks when the p,q-binomial coeﬃcient is bimodal.
We refer the reader to [1,10] for more bibasic binomial coeﬃcients and [2,3,7,14] for various unimodality results of
binomial coeﬃcients.
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